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Abstract
We show that the N = 2 and N = 4 SUSY Yang-Mills action can be reformulated in the
sense of non-commutative geometry on M4 × (Z2 ⊕ Z2) in a rather simple way. In this way the
scalars or pseudoscalars are viewed as gauge fields along two directions in the space of one-forms
on Z2 ⊕ Z2.
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1 Introduction
Since A. Connes introduced his non-commutative geometry into particle physics[1, 2], a successful
geometrical interpretation of the Higgs mechanism and Yukawa coupling has been acquired. In
this interpretation, the Higgs fields are regarded as gauge fields on the discrete gauge group.
The bosonic part of the action is just the pure YM action containing the gauge fields on both
continuous and discrete gauge group, and the Yukawa coupling is viewed as a kind of gauge
interactions of fermions.
At the same time, applying non-commutative geometry to SUSY theories has encountered
many difficulties. A natural way is to introduce a non-commutative space which is the product
of the superspace and a set of discrete points, similar to those which have been done in non-
SUSY theories. However, it proved that such an extension of superspace is rather difficult to
accomplish. In[3], A.H. Chamseddine gave an alternative way in which the supersymmetry
theories in their component forms were considered. He showed that N = 2 and N = 4 SUSY
Yang-Mills actions could be derived as action functionals for non-commutative spaces, and in
some cases the coupling of N = 1 and N = 2 super Yang-Mills to N = 1 and N = 2 matter
could also be reformulated. This paper is the first one in which the non-commutative geometry
is successfully applied to SUSY theories.
Intrigued by A.H. Chamseddine’s work, we show the N = 2 and N = 4 SUSY Yang-Mills
actions can be derived with non-commutative geometry on M4 × (Z2 ⊕ Z2) in a rather simple
way. We use the differential calculus on discrete group developed by A. Sitarz[4]. With a specific
case of differential algebra on Z2 ⊕ Z2, we take the scalar components of the super Yang-Mills
field as gauge fields on discrete symmetry group. In N = 2 case, the scalar and pseudoscalar
fields are set to two directions of the space of one-forms. In case of N = 4, the complex scalar
fields which belong to 6 of SU(4) are regarded as components of the connection one-form.
First in section 2 we show the specific case of the differential algebra on Z2 ⊕ Z2. Then in
section 3 we derive the N = 2 and N = 4 super Yang-Mills Lagrangian with this algebra. Finally
we end with conclusions.
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2 Differential Calculus on Z2 ⊕ Z2
In this section, we briefly describe the differential calculus on Z2 ⊕ Z2 and introduce a specific
case of this algebra. For a detailed description of differential calculus on discrete group, we refer
to [4]. Let’s write the four elements of Z2 ⊕ Z2 as
(e1, e2), (r1, e2), (e1, r2), (r1, r2).
And the group multiplication is
(g1, g2)(h1, h2) = (g1h1, g2h2). (1)
Let A be the algebra of complex valued functions on Z2⊕Z2. The derivative on A is defined as
∂gf = f −Rgf g ∈ Z2 ⊕ Z2, f ∈ A (2)
with Rgf(h) = f(hg). We will write ∂i and Ri for convenience where i = 1, 2, 3 refers to
(r1, e2), (e1, r2), (r1, r2) respectively.
{∂i, i = 1, 2, 3} forms the basis of F , the space of left invariant vector fields over A. One
can find that the following relations hold
∂1∂2 = ∂1 + ∂2 − ∂3
∂2∂3 = ∂2 + ∂3 − ∂1
∂3∂1 = ∂3 + ∂1 − ∂2
(3)
∂1∂1 = 2∂1
∂2∂2 = 2∂2
∂3∂3 = 2∂3
(4)
∂1∂2 = ∂2∂1
∂1∂3 = ∂3∂1
∂2∂3 = ∂3∂2.
(5)
The Haar integral on Z2 ⊕ Z2 is defined as
∫
Z2⊕Z2
f =
1
NZ2⊕Z2
∑
g∈Z2⊕Z2
f(g) f ∈ A (6)
here NZ2⊕Z2 = 4 is the size of Z2 ⊕ Z2.
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Next we introduce the space of one-forms, Ω1, which is the dual space of F . Haven chosen
the basis of F , we automatically have the dual basis of Ω1, {χi, i = 1, 2, 3}. It is defined with
χi(∂j) = δ
i
j i, j = 1, 2, 3. (7)
The definition of higher forms is natural, Ωn is taken to be tensor product of n copies of Ω1,
Ωn = Ω1 ⊗ · · · ⊗ Ω1︸ ︷︷ ︸
n copies
,
and Ω0 = A. And Ω =
∑
⊕Ω
n is the tensor algebra on Z2 ⊕ Z2.
As usual, the external derivative satisfies the graded Leibniz rule and is nilpotent
d(ab) = d(a)b+ (−1)degaa(db) a, b ∈ Ω
d2 = 0
(8)
and for f ∈ Ω0 = A
df = ∂1fχ
1 + ∂2fχ
2 + ∂3fχ
3. (9)
From (8),(9), one finds
χif = (Rif)χ
i i = 1, 2, 3 f ∈ A (10)
and
dχ1 = −χ1 ⊗ χ2 − χ1 ⊗ χ3 + χ2 ⊗ χ3 − 2χ1 ⊗ χ1 − χ2 ⊗ χ1 − χ3 ⊗ χ1 + χ3 ⊗ χ2
dχ2 = −χ2 ⊗ χ3 − χ2 ⊗ χ1 + χ3 ⊗ χ1 − 2χ2 ⊗ χ2 − χ3 ⊗ χ2 − χ1 ⊗ χ2 + χ1 ⊗ χ3
dχ3 = −χ3 ⊗ χ1 − χ3 ⊗ χ2 + χ1 ⊗ χ2 − 2χ3 ⊗ χ3 − χ1 ⊗ χ3 − χ2 ⊗ χ3 + χ2 ⊗ χ1
(11)
We also need the involution ¯ on our differential algebra, which agrees with the complex
conjugation on A and (graded) commutes with d, i.e. d(a) = (−1)degada. For one-forms,
χi = −χi i = 1, 2, 3. (12)
If we postulate that the one-forms to be anticommutative, i.e.,
χi ⊗ χi = 0
χi ⊗ χj = −χj ⊗ χi i, j = 1, 2, 3
(13)
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then we get
dχi = 0 i = 1, 2, 3. (14)
It is a specific case of the above algebra. Obviously the postulation induces an antisymmetric
tensor algebra Λ which is a subalgebra of Ω. In this subalgebra, we denote the product of forms
with ∧. And we will use this subalgebra to derive the N = 2 and N = 4 SUSY Yang-Mills
action in next section.
3 N = 2 and N = 4 super Yang-Mills action
Let’s first consider the N = 2 case. The N = 2 super Yang-Mills Lagrangian is given by
L = Tr(−1
4
FµνF
µν + 1
2
DµSD
µS + 1
2
DµPD
µP + iψ¯γµDµψ + ψ¯[S + γ5P, ψ]
+1
2
[S, P ]2)
(15)
where ψ is the Dirac 4−spinor which is the combination of two 2−spinors, S is the scalar and P
is the pseudoscalar. All fields are valued in the adjoint representation of the gauge group, i.e.,
f = faT a f = Aµ, S, P, ψ (16)
where T a is the generator of gauge group. And
Fµν = ∂µAν − ∂νAµ + i[Aµ, Aν ]
DµS = ∂µS + i[Aµ, S]
DµP = ∂µP + i[Aµ, P ]
Dµψ = ∂µψ + i[Aµ, ψ].
(17)
From a simple observation, we see that it is possible to choose the generalized connection
one-form on M4 × (Z2 ⊕ Z2)
A(x, g) = iAµ(x, g)dx
µ − iS(x, g)χ1 − iγ5P (x, g)χ
2 g ∈ Z2 ⊕ Z2. (18)
And we set
Aµ(x, g) = Aµ(x); S(x, g) = S(x); P (x, g) = P (x); g ∈ Z2 ⊕ Z2. (19)
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And later in fermionic sector we will also let ψ(x, g) = ψ(x). Since all quantities take the same
values on different points of Z2⊕Z2, we will ignore the variable g. Please note in this assignment
the scalar and pseudoscalar are assigned to two directions of the connection one-form, and we
have manifestly set the component in χ3 direction of A to zero. We will see it is sufficient for
our construction.
With(13),(14),(18),(19) the curvature two form is easily found
F = dA(x) + A(x) ∧ A(x)
= i(∂µAν + iAµAν)dx
µ ∧ dxν − i(∂µS + i[Aµ, S])dx
µ ∧ χ1
−iγ5(∂µP + i[Aµ, P ])dx
µ ∧ χ2 − γ5[S, P ]χ
1 ∧ χ2
= i
2
Fµνdx
µ ∧ dxν − iDµSdx
µ ∧ χ1 − iγ5DµPdx
µ ∧ χ2 − γ5[S, P ]χ
1 ∧ χ2.
(20)
here d = dZ2⊕Z2 + dM , dZ2⊕Z2 is the external derivative defined in the last section, dM is the
usual external derivative on Minkowski space.
Using
L =
∫
Z2⊕Z2
Tr < F (h), F (h) > (21)
we get exactly the bosonic sector of the Lagrangian
LB = Tr(
1
4
FµνFρσ < dx
µ ∧ dxν , dxρ ∧ dxσ > +DµS(DνS)
∗ < dxµ ∧ χ1, dxν ∧ χ1 >
+DµP (DνP )
∗ < dxµ ∧ χ2, dxν ∧ χ2 > +[S, P ][S, P ]∗ < χ1 ∧ χ2, χ1 ∧ χ2 >)
= Tr(−1
4
FµνF
µν + 1
2
DµSD
µS + 1
2
DµPD
µP + 1
2
[S, P ]2)
(22)
where in order to give correct normalization constants, we have chosen the metric
< dxµ ∧ dxν , dxρ ∧ dxσ >=< dxµ ∧ dxν , dxσ ∧ dxρ >= gµσgνρ
< dxµ ∧ χ1, dxν ∧ χ1 >=< dxµ ∧ χ1,−χ1 ∧ dxν >= 1
2
gµν
< dxµ ∧ χ2, dxν ∧ χ2 >=< dxµ ∧ χ2,−χ2 ∧ dxν >= 1
2
gµν
< χ1 ∧ χ2, χ1 ∧ χ2 >=< χ1 ∧ χ2, χ2 ∧ χ1 >= 1
2
.
(23)
As to the fermionic sector of the Lagrangian, we have
LF =
∫
Z2⊕Z2
Tr(iψ¯[γµDµ +D1 +D2 +D3, ψ])
= Tr(iψ¯γµDµψ + ψ¯[S + γ5P, ψ])
(24)
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where
[D1, ψ] = ∂1ψ − i[SR1, ψ] = −i[S, ψ]
[D2, ψ] = ∂2ψ − i[γ5PR2, ψ] = −i[γ5P, ψ]
[D3, ψ] = ∂3ψ = 0.
(25)
So the N = 2 super Yang-Mills Lagrangian is reformulated.
We next consider N = 4 case, the Lagrangian is
L = Tr[−1
4
FµνF
µν + iλiσ
µDµλ¯
i + 1
2
DµM
ijDµMij
+iλi[M
ij , λj] + iλ¯
i[Mij , λ¯
j]
+1
4
[Mij ,Mkl][M
ij ,Mkl]]
(26)
where the scalar Mij is self-conjugate, M
†
ij =
1
2
ǫijklMkl = M
ij , and transforms as 6 of SU(4),
and λi is the 2−spinor transforming as 4 of SU(4) whereas λ¯
i transforming as 4¯. So L is SU(4)
invariant.
In order to write the spinor in four component form, we introduce Majorana spinors
λi =
(
λαi
λ¯α˙i
)
; λ¯i =
(
λαi , λ¯
i
α˙
)
(27)
and
φij =
(
M ij
Mij
)
Iij =
(
δ
j
i
δij
) (28)
α = 1, 2 and α˙ = 1˙, 2˙ are spinor indices. So the Lagrangian can be written as
L = Tr[−1
8
FµνF
µνI2 +
i
2
λ¯iγ
µDµλi +
1
4
Dµφ
†
ijD
µφij
+iλ¯i[φij, λj ] +
1
8
[φij, φkl][φ
†
ij , φ
†
kl]].
(29)
here the trace also takes on the 2 × 2 matrix in which fields in two 2−component form are
arranged into 4−component form.
We set the connection one-form on M4 × (Z2 ⊕ Z2)
A(x, g) = iAµ(x, g)Iijdx
µ + φij(x, g)χ
1 + φij(x, g)χ
2 g ∈ Z2 ⊕ Z2. (30)
Again we will let all fields take the same values on different points of Z2 ⊕ Z2, so we will ignore
the variable g, and as in the N = 2 case, we let the component in χ3 direction be zero.
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Then we have
F = dA(x) + A(x) ∧ A(x) = i
2
FµνI2dx
µ ∧ dxν +Dµφijdx
µ ∧ χ1
+Dµφijdx
µ ∧ χ2 + [φij, φkl]χ
1 ∧ χ2.
(31)
here the indices (ij) and (kl) in the last term can not be contracted since they belong to same
representation 6 or 6¯. In the following construction of Lagrangian we will contract the indices in
φ and φ† because they belong to 6 and 6¯ respectively, so that such contraction will give SU(4)
invariant quantity.
The bosonic sector of Lagrangian
LB =
1
2
∫
Z2⊕Z2
Tr < F (h), F (h) >
= 1
2
Tr(1
4
FµνFρσI2 < dx
µ ∧ dxν , dxρ ∧ dxσ > +Dµφij(Dνφij)
∗ < dxµ ∧ χ1, dxν ∧ χ1 >
+Dµφij(Dνφij)
∗ < dxµ ∧ χ2, dxν ∧ χ2 > +[φij, φkl][φij , φkl]
∗ < χ1 ∧ χ2, χ1 ∧ χ2 >)
= Tr(−1
8
FµνF
µνI2 +
1
4
Dµφ
†
ijD
µφij +
1
8
[φij, φkl][φ
†
ij, φ
†
kl])
(32)
here again in order to give appropriate normalization constants, we have chosen the metric
< dxµ ∧ dxν , dxρ ∧ dxσ >=< dxµ ∧ dxν , dxσ ∧ dxρ >= gµσgνρ
< dxµ ∧ χ1, dxν ∧ χ1 >=< dxµ ∧ χ1,−χ1 ∧ dxν >= 1
4
gµν
< dxµ ∧ χ2, dxν ∧ χ2 >=< dxµ ∧ χ2,−χ2 ∧ dxν >= 1
4
gµν
< χ1 ∧ χ2, χ1 ∧ χ2 >=< χ1 ∧ χ2, χ2 ∧ χ1 >= 1
4
.
(33)
The fermionic sector of Lagrangian reads
LF =
1
2
∫
Z2⊕Z2
Tr(iλ¯i[γ
µ(Dµ)Iij + (D1)ij + (D2)ij + (D3)ij , λj])
= Tr( i
2
λ¯iγ
µDµλi + iλ¯i[φij , λj])
(34)
where
[(D1)ij, λj] = Iij∂1λj + [φij, λj] = [φij , λj]
[(D2)ij, λj] = Iij∂2λj + [φij, λj] = [φij , λj]
[(D3)ij, λj] = Iij∂3λj = 0.
(35)
So we see the N = 4 super Yang-Mills Lagrangian can also be reformulated on M4 × (Z2⊕Z2).
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4 Conclusions
We show that the N = 2 and N = 4 super Yang-Mills Lagrangian can be reformulated on
M4 × (Z2 ⊕ Z2) non-commutative geometry. We use the differential calculus on discrete group
developed by A.Sitarz and regard the scalar or pseudoscalar fields as connection one-forms on
the discrete symmetry group. This reformulation is different from that of A.H.Chamseddine and
seems much simpler and clearer.
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